For a weakly exact magnetic flows with a bounded primitive on a closed Riemannian manifold, we prove the existence of periodic orbits in almost all energy levels below of the Mañé's critical value.
Introduction and results

Let (M,
. The magnetic flow of (g, Ω) is the Hamiltonian flow of F with respect to ω.
We say that a magnetic flow is weakly exact, if the pull-back Ω of Ω to the universal cover M is exact. Suppose that Ω is exact with a smooth 1-form θ such that Ω = dθ. We consider the Our interest is to study the existence problem for periodic orbits of weakly exact magnetic flows, we study the case of lower energy levels where very little is known, recall that, the exact case, was treated by G. Contreras [1] , for some related results in small energy levels see [4] , [3] . The last results use symplectic techniques which do not give a precise estimates of the energy of the periodic orbits. Being able to express the weakly exact magnetic flow as a Lagrangian allows us to use all the variational techniques, thus we have 
L(γ(t),γ(t))dt. The Mañé's critical value is given by c(L)
:
Remarks:
The methods for to prove ours results are an adaptation from those used in [1] . I thank to G. Contreras for his suggestion to work this case.
Variational Setting
Let
is a Hilbert manifold and its tangent space at the curve x(s) is given by weakly differentiable vector fields along x(s) with covariant derivative in L 2 .
We consider in the Hilbert manifold Observe that this metric is locally equivalent to the metric obtained with f = 1. Let Λ M be the set of closed curves in
where [5] ) and the derivative of S k is given by
where
x . Note in a critical point, the second term will be zero which implies that y(t) is a solution of the Euler-Lagrange equation, therefore y(t) has constant energy and the third term implies that this energy is equal to k. Now, taking (x 1 , T ) ∈ Λ M × R + and h a deck transformation. We consider
M is simply connected the closed curves x i , can be extended to a smooth map φ i :
) is a Riemannian universal covering of (M, g), the deck transformations are isometries and we get
Let Λ 0 be the set of closed curves with trivial homotopy on M. For k ∈ R, we define the action
, from above remarks it is well defined.
Mountain pass and Palais-Smale condition
The following appears in [1] , Lemma 5.1 the same argument still working
Lemma 3.1 Let θ be a bounded 1-form in M and W ⊂ M be a neighbourhood of the point x 0 . Then there exists an open ball
Now, we show that for energy levels 0 = e 0 < k < c(L), the action functional S k exhibits a mountain pass on Λ 0 . 
By Schwartz inequality l 2 1 = (
. The claim follows from continuity of s → length(Γ(s)) and that length(Γ(0)) = 0.
We continue the proof of theorem 3. , we have
We will say that S k satisfies the Palais-Smale condition on Λ 0 . If every sequence (x n , T n ) in the same connected component of Λ 0 with |S k (x n , T n )| bounded and lim n d (xn,Tn) S k (xn,Tn) = 0 has a convergent subsequence. We say that S k satisfies the Palais-Smale condition at the level a (resp. levels in [a, b] ). If the above condition is valid restricted to (x n , T n ) with
In order to study the Palais-Smale condition of S k we need some preliminary results, from the convexity of L result 
|ẋ n | 2 dt < B, where l n := length(x n ) and y n (t) =
). In particular if T n → 0 then lim n l n = 0.
Proof: Take l n := length(y n ), by Schwartz inequality l
is superlinear, i.e., for all A ∈ R there is C ∈ R such that L(x, v) ≥ A|v| − C for all (x, v) ∈ T M, using that the actions S k (x n , T n ) are bounded a calculation gives the second inequality. 2
For p 1 , p 2 in a boundaryless, complete manifold N and T > 0 take
Theorem 3.5 ([2], th. 3-1.11.) Let L be a convex, superlinear Lagrangian on N. Let N be boundaryless, complete Riemannian manifold then for any
The next result gives some conditions which imply the Palais-Smale condition
then there exists a convergent subsequence.
Proof: From compactness of M given (x n , T n ) ∈ Λ 0 taking a subsequence we can assume that q 0 := lim n x n (0) = lim n x n (1), and that T := lim n T n ∈ R + exist, also suppose that d(x n (0), q 0 ) < δ for δ > 0 small enough. Let y n (t) := x n ( t Tn
) and α n : [0, 1] → M be the geodesic joining α n (0) := q 0 , α n (1) = x n , and take β n : [T n + 1, T + 3] → M geodesics such that β n (T n + 1) = y n (T n ), β n (T + 3) = q 0 then |α n | ≤ 1 and |β n | ≤ 1. We define
if T n + 1 ≤ t ≤ T + 3. All the closed curves w n : [0, T + 3] → M are based at q 0 and their actions are uniformly bounded. Now, applying theorem 3.5 with N := M, p 1 = p 2 = q 0 then the set w n is relatively compact in the C 0 -topology. Thus there is a convergent subsequence of w n in the C 0 topology. From now, we will work with a convergent subsequence of {x n }. We shall assume without loss of generality that the limit point of {x n } is contained in a coordinate chart and work in R 2n . Taking z n := xn Tn since 0 < T < ∞ by lemma 3.4 there is K > 0 with
x . Therefore the first term is bounded by
2 ) x n − x m ∞ thus the second term is small. By lemma 3.3 and the above remark we have 
We shall use the following mountain pass theorem 
Then c is a critical value of f moreover
contains a point which is not a strict local minimizer.
Now we analyse whether S k satisfies the conditions of the previous proposition
of proof of lemma 6.7 in [1] .
2
The next follows parallel arguments in [1] , but applied to our context Proof: Observe that function k → c(k) is non-decreasing. Since S k is continuous on k there is > 0 such that
By Lebesgue's theorem there is a total measure subset of k 0 < k < k 0 + , where c(·) is locally Lipschitz. Given k in this set and M k its Lipschitz constant. Let B ⊂ A ⊂ Λ 0 be the closed subset defined by B : 
Assuming the Claim, from proposition 4.1 we have that S k has a critical point in A which is not a strict local minimizer this prove the proposition 4.3.
Proof of Claim:
Fix k such that c(·) is locally Lipschitz in k we take a sequence k n ≥ k with k n → k, then S kn , S k have a mountain pass geometry with the same set of paths in C(γ 0 , γ 1 ). Let Γ n ∈ C(γ 0 , γ 1 ) be a path such that max s∈ [0, 1] S kn (Γ n (s)) ≤ c(k n ) + (k n − k). T 1 ) ∈ Λ 0 such that S k (x 1 , T 1 ) < 0. Now taking a constant curve (x 0 , T 0 ), from theorem 3.2 there exists a mountain pass geometry when we consider families of curves going from a constant curve with arbitrarily small action (x 0 , T 0 ) to a curve with negative action (x 1 , T 1 ) . From proposition 4.3 there is > 0 such that for almost all k ∈ (k, k + ) there is a critical point of S k in Λ 0 , this is a periodic orbit with trivial homotopy and positive (L + k)-action. 2
